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A theorem on combining t-designs with k= t + 1 is presented. Utilizing the 
theorem, we produce some infinite families of t-designs. We also obtain some results 
on the problem of the spectrum of triple systems. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
Combining designs, like extending them, is important in design theory. 
Besides yielding new designs, it reveals the inner relations among designs. 
In this paper we present a theorem of such a nature. Although the theorem 
is utilized to produce an infinite family of some interesting designs, but our 
eyes are on the applications of the theorem to the problem of the spectrum 
of triple systems which has recently come to the attention of some authors. 
In this respect our theorem provides some interesting and new results. 
2. NOTATIONS AND PRELIMINARIES 
Let X be a finite set and let k be a nonnegative integer. We denote by 
Pn(X) the set of ail k-subsets of X(P,(X) = {a}). Suppose 9& and &?2 are 
two collections of the elements of Pk(X) and let m be a positive integer. 
The collection of the elements of @I and $H2 will be denoted by ?$I -t &$ and 
m copies of ~23~ is denoted by m93’,. The cardinality and the number of 
distinct elements of 9& are denoted by ~~(93,) and lgll, respectively. 
Specifically, for two disjoint sets X and Y we let 9& and a2 be two 
collections of elements of Pkl(X) and P,J Y), respectively. Likewise, we will 
adopt the following notations: 
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and clearly we have the following relations: 
For the nonnegative integers v 3 k > t 2 0 and I > 0, a t-design, S(L; t, k, v) 
is an ordered pair D = (X, &?) in which X is a v-set and ~8 is a collection 
of the elements of P,JX) (called blocks) such that every A E P,(X) appears 
in exactly L blocks. A t-design with no repeated block is called a simple 
design and n(B) and 1~81 are denoted by b and b*, respectively. In 
this article we will be concerned with the case k= t + 1. Clearly, 
D= (X, P,+i(X)) is always a S(v - t; t, t + 1, v). This design is usually 
called the trivial design and it will be denoted by TS(t, t i- 1, u). A 
/2-factorization of mTS(t, t + 1, v), which is denoted by FS(A; t, m, v), is a 
collection 9 = (Di = (X, %$i, 1 j = 1, . . . . h = m(v - t)/A) of S(J.; t, t + 1, v) 
such that cj”= I Bj = mP,+i(X), and each Di is an S(n; t, t + 1, v). It is called 
simple if all the Dj’s are simple. The support size of a a-factorization is 
A large set of disjoint S(I; t, t + 1, Y), LS(I; t, t-t 1, v), is a simple 
A-factorization of ZS(t, t + 1, v). 
A well-known necessary condition for existence of S(;I; t, t f 1, v) is 
A(t, t + 1, u) 1 A, where A(t, t + l., U) = gcd(v - t, lcm( I, . . . . t + 1)). A 
LS(l(t, t + 1, u); t, t + 1, v) is called a (t, t + 1, u)-decomposition. Clearly, 
(1, 2, u)-decomposition, for every v exists. Also, it is known that (2,3, v)- 
decomposition exists for every v except for v = 7 [6,9]. 
The following proposition which is used in subsequent theorems is also 
a known result. 
PROPOSITION. If a LS(A; t, t + 1, v) exists, then, for 0 d i d t, a 
LS(A; t - i, t + 1 - i, v - i) exists. 
3. THE MAIN RESULTS 
THEOREM 1. Zf two (simple) S(&; t, t + 1, vl) and S(&; t, t + 1, VJ exist 
such that 
(i) s=A,/(v,--t)=I,/(v,-t) 
(ii) a positive integer n exists such that rn = ns is an integer and for 
every 1 d j d t, we have a 
LS((v,-t)/n;t-j,t+l-j,v,-j) 
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and a (simple) 
FS(il,;j-l,m,v,-t-l+j) 
(or vice versa, namely a (simple) FS(A,, t - j, m, v1 - j) and a LS( ( v2 - t)/n; 
j-l,j,v,-t-l+j), exist, 
then a (simple) S(A, 4 A,; t, t + 1, v1 + v2 - t) exists. 
ProoJ We let 
x= { 1, . ..) v,+v,--}, 
Xi = ( 1, . . . . v1 -j}, O<j<t, 
Yj= {VI-j+2, . . . . V,+V,-t), l,<j<t+l. 
Now, suppose that (&, go), (Y,, 1, B(+,) are two S(I1r; t, t+ 1, v,) and 
S(1,; t, t + 1, vz), respectively. Assume that y1 is a positive integer satisfying 
condition (ii) of the theorem. For 1< j < t, suppose that ((Xj, Bji), 
i= 1 , . . . . rr } and { ( Yj, BJi), i = 1, . . . . n} are a LS((v,-t)/n;t-j,t+l-j, 
v1 -j) and a FS(I,; j- 1, m, v2-- t - 1 + j), respectively (or vice versa), 
and we let 
Laj= i L39ji.~;i, l<j,<t, 
i= 1 
and 
Then (X, 649) is a S(1, + I,; t, t + 1, vr + v2- t). To prove our assertion, 
namely that (X, S?) is a design, we partition P,, I(X) into t + 2 disjoint 
classes: 
(0) xl<x*< ... <x,+r<vl+l 
(1) Xl<X2< ... <x,<v~<x,+~ 
(3 x1 <x2-c .-. <x,+l-j<vl + 1 -j-c ... <x,<x,+~ 
(1) x,<vl+l-t<xx,< ... <x,<x,+l 
(t+l) ?I,-ttxX1<x2< ... <x,+1. 
Clearly, all the blocks of Bj are in jth class. Now, suppose A E P,(X). For 
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0 <j< t + 1, suppose there exist exactly mj blocks ofjth class and exactly 
yj blocks of aj which contain A (mj or yj could be zero). We prove that 
yj = smj. (*I 
For j = 0 or j = t + 1, the correctness of (*) is trivial. 
Suppose O<j<t+l and mj#O. We put B=AnX, and C=AnY,. 
With no loss of generality, we can assume that ((Xi, gji), i = 1, . . . . n> 
and ((Y,, .?$), i= 1, . . . . rz} are LS((v,-t)/n;t-j,t+l-j,vv,-j), and 
FS(1,; j- 1, m, v2. - t - 1 + j), respectively. Since rnJ is not zero, two cases 
occur: 
(1) PI = t-j, ICI =j, 
(2) IB(=t+l-j, IC/=j-1. 
In (1) C, in total, appears exactly m = ns times in gji’s and exactly 
(ZJ~ - i)/n blocks of &?ji (for every 16 i < n) contain B. Hence exactly y1 = 
s(ur - t) blocks of Mj contain A. But since mj = aI - t, therefore yj = s . mj. 
For (2) the proof follows similarly. Consequently, the total number of 
blocks of g which contain A is 
rt1 t+1 t+1 
C Yj=j~~Smj=Sj~~mj=S((V,+V,-t)-t)=l,+i*. 
j=O 
THEOREM 2. IfaLS((v,--t)/n;t,t+1,v1)andaL5’((v,--t)/n;t,t+1,v,) 
exist, then a LS((v, + u2 - 2t)/n; t, t + 1, v1 + uZ - t) exists. 
Proof. We define X,Xj (O< j<t), Yi (14 j< t+ l), gji and 9Z.i 
(16 j6 t, 1 <idn) as in Theorem 1. Suppose ((X0, goi), i= 1, . . . . a} 
and {V,+l, S9);t+lji), i = 1, . . . . n> are LS((u, - t)/n; t, t + 1, vl) and 
LS((u, - t)/n; t, t + 1, vJ, respectively. Let oi = (12. ‘. n)‘, for i = 1, . . . . PI, be 
n different permutations. Now if, 
then {(X, W,), i= 1, . . . . n} is the desired large set. 
4. SOME APPLICATIONS IN THE SPECTRUM PROBLEM 
First we state some definitions which are needed in subsequent proofs. 
To do this, we adopt the language of [4]. 
A J-factor in a multigraph G is a submultigraph F which is spanning and 
A-regular. A A-factorization of a multigraph G is a partition of the edges 
into A-factors. The multigraph AK, is the complete multigraph with each 
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pair of vertices connected by A edges. The support of a L-factor is the set 
of distinct edges of the factor. The support size of a A-factor is the number 
of distinct edges of the factor. The support size of a I-factorization is the 
sum of the support sizes of its factors. We denote by S(n, ;1) the set of all 
possible support sizes of a L-factorization of AK,. 
In [4], it is shown that for y1 even and iz 3 8, 
if I#n- 1, S(n, A)= {m, . . . . M}-{m+l,m+2,m+3,m+5}; 
if A=n-1, S(n,3L)=(m ,..., M}-{m+l,m+2,m+3,m+5,M-1, 
M-2, M-3, M-5}, 
where m=m(n, L)=n(n- 1)/2, M=M(n, J)=min(&n- l)n(n-- 1)/2. 
Now let SS(u, 2) denote the set of the support sizes of S(L; 2,3,v)‘s. 
SS(u, 2) has been completely determined by Rosa and Hoffman [7], and 
SS(v, 6) was essentially determined by Colbourn and Mahmoodian [3]. 
Given v and I, let s, = [V(V + 2)/6] and M, = min(i, v - 2) . v(v - 1)/6. 
If z, E 0 or 4(mod 12), we define 
If v = 8(mod 12) we define 
PS(v, A)= (su+7, s,+9, s,+ 10, . . . . M,}. 
In [3], it is established that 
if v - 0 or 4(mod 12), then for 1 #v - 2, SS(v, 1) EPS(V, A), and for 
1=u-2,SS(u,il)s:PS(v,I)-(M,-5,M,-3,M,-2,M,-1); 
if v = 8(mod 12), then for A# v - 2, SS(v, A) 5 PS(u, 2) u {so + S}, and 
for /z=v-2, SS(u,A.)cPS(v,A)u (s,+8)- {M,-5,M,-3,M,-2, 
M,- l}. 
THEOREM 3. Suppose v is an odd number. Then, for every il, we have 
SS(v, a) + SS(u, a) + S(v - 1, n) + S(v - 1, n) c SS(2v - 2,21). 
Proof. Weletu,=v,=v,andX,X,‘s(Odid2),and Y,‘s(l<i<3)are 
defined as in Theorem 1. Suppose m, , m2 E SS(v, 2) and nl, n2 E S(v - 1,L). 
Suppose (X0, L&,) and (Y,, L&) are two TS(v, A) with ml and m2 
distinct blocks, respectively. Also suppose ((X,, @ii), i= 1, . . . . u - 2) and 
((Y2, g2A i= 1, . . . . v - 2) are two FS(I; 1, I, u - 1) with support sizes 
nl, n2, respectively. If 
v-2 Y-2 
L49=930+933+ 1 i992i+ C (i+v)?&, 
i=l i=l 
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then, by Theorem 1, (X, B) is a TS(2v - 2,21), and clearly its support size 
is m,+m,+n,+n,. 
PROPOSITION. Let m, = v(u - 1)/6. 1f v E 1 or 3(mod 6) and u # 7, then 
for every A we have (m,, . . . . min(A, u - 2) .rn,j c SS(v, A). 
ProoJ Suppose ((Xi, gi), i = 1, . . . . v - 2 > is a LS( 1; 2, 3, v). If 
i < min(i, u - 2), then we let 
i-l 
LB’:= C &?j+ (i-i+ l)9Yi. 
j=l 
Then (X, B’J is a ,S(A; 2, 3, V) with exactly i. m, distinct blocks. 
PROPOSITION. If v - 5 (mod 6) and m, = v(v - 1)/6, then for every u > 1, 
we have 
i 
3m “,..., min(u, y)-3m,)iSS(n, 3z.f). 
The proof is similar to the proof of the previous proposition. 
In Cl] it is shown that for every u = 0 or 4 (mod 12) and u > 1, we have 
{2m, + 1,2m, + 2,2m, + 3,2m, + 5) c SS(u, 2~). 
In the light of all of these we have the following two theorems. 
THEOREM 4. Let U={(i)-l,(z)-2,(g)-3,(I)-5). rf v0 or 4 
(mod 12) and u# 12, then 
SS(v, a) = 
i 
WV, 1) for lb # v - 2, 
PS(v, A) - U for I = v - 2. 
THEOREM 5. Let U be as in Theorem 4. If v z 8 (mod 12) and v # 8, then 
The verification that all support sizes can be obtained is tedious but 
routine. 
5. SOME EXAMPLES 
(1) An extension of S(1; 2, 3,7) to S(2; 2, 3, 12). Let 
x= { 1, . ..) 12). We would like to choose a collection 99 of the elements of 
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Pj(X) such that (X, SI) be the desired design. To achieve this we partition 
the elements (blocks) of P3(X) into four classes: 
(0) x,<x,<x,<S 
(1) x, <x,<7<x, 
(2) x,<~<x,<x, 
(3) 5<x,<x2<x3. 
Now, for the jth class, 0 < j < 3, we perform the following: 
j = 0. Let X,, = (1, . . . . 7}, and 
tG$, = { 123, 145, 167,246,257,347,356}. 
Then (X0, !Z&J is a simple S(1; 2, 3, 7) design. 
j=l. Let X,=(1 , . . . . 6}, Y, = (8, 9, . . . . 12}, and 
i gli g’;i 
1 12 36 45 8 
2 13 25 46 9 
3 14 23 56 10 
4 15 26 34 11 
5 16 24 35 12 
Now, ((Xl, gili), i= 1, . . . . 5} and {(Y,, S&J, i= 1, . . . . 5) are two 
LS(1; 1, 2, 6) and LS(1; 0, 1, 5), respectively. We obtain the blocks of S$: 
12 8 36 8 45 8 
13 9 25 9 46 9 
1 4 10 2 3 10 5 6 10 
1 5 11 2 6 11 3 4 11 
1 6 11 2 4 12 3 5 12 
j=2. Let X,= { 1, . . . . 5}, Y,= (7, . . . . 12}, and 
1 1 7 8 9 12 10 11 
2 2 7 9 8 11 10 12 
3 3 710 89 11 12 
4 4 7 11 8 12 9 10 
5 5 7 12 8 10 9 11 
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Now, ((Y,, a&), i = 1, . . . . 5) and ((X,, %Q, i = I, . . . . 5) are two 
AS(1; 1, 2,6), and LS( 1; 0, 1, 5), respectively. We obtain the blocks of &&: 
17 8 1 9 12 1 10 11 
27 9 2 8 11 2 10 12 
3 7 10 38 9 3 11 12 
4 7 11 4 8 12 4 9 10 
5 7 12 5 8 10 5 911 
j= 3. Let Y3 = (6, . . . . 12}, and 
Hence ( Y3, J&) is a simple S( 1; 2, 3,7). 
Now, let g = CA&, + B1 -t Bz + gi3. Thus (X, aA) = S(2; 2, 3,12). 
(2) Existence of simple S(4m; 6,7,8m + 6) for every positive 
interger m. It is a well-known fact that a LS(4; 6, 7, 14) exists [5]. It 
follows directly from Theorem 2 that the simple S(4m; 6, 7, 8m + 6) design, 
for every positive integer m exists. 
Note ndded in proo$ After the submission of the first draft of this manuscript, the 
referee brought to our attention a very recent and interesting work of Teirlinck entitled: 
Locally trivial r-designs and t-designs without repeated blocks, which will appear in “Annals 
of Discrete Mathematics,” edited by A. Hartman. Although there are some common features 
and results in these two papers, our expositions of the proofs and the directions which we 
pursue are different from those of Teirlinck’s. We are basically interested in the spectrum 
of designs while Teirlinck is very much attracted towards the existence of large sets. It is 
interesting to note that these two works have been presented in two, different gatherings 
almost simultaneously. For this, the authors express appreciation to the referee and to the 
managing editor for constructive comments. 
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